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bstract

The movement of chemicals through soils to the groundwater is a major cause of degradation of water resources. In many cases, serious human
nd stock health implications are associated with this form of pollution. Recent studies have shown that the current models and methods are not
ble to adequately describe the leaching of nutrients through soils, often underestimating the risk of groundwater contamination by surface-applied
hemicals, and overestimating the concentration of resident solutes. Furthermore, the effect of chemical reactions on the fate and transport of
ontaminants is not included in many of the existing numerical models for contaminant transport. In this paper a numerical model is presented for
imulation of the flow of water and air and contaminant transport through unsaturated soils with the main focus being on the effects of chemical
eactions. The governing equations of miscible contaminant transport including advection, dispersion–diffusion and adsorption effects together
ith the effect of chemical reactions are presented. The mathematical framework and the numerical implementation of the model are described in
etail. The model is validated by application to a number of test cases from the literature and is then applied to the simulation of a physical model

est involving transport of contaminants in a block of soil with particular reference to the effects of chemical reactions. Comparison of the results
f the numerical model with the experimental results shows that the model is capable of predicting the effects of chemical reactions with very high
ccuracy. The importance of consideration of the effects of chemical reactions is highlighted.

2007 Elsevier B.V. All rights reserved.
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. Introduction

In recent years, interest in understanding the mechanisms and
rediction of contaminant transport through soils has dramati-
ally increased because of growing evidence and public concern
hat the quality of the subsurface environment is being adversely
ffected by industrial, municipal and agricultural activities.
ransport phenomena are encountered in almost every aspect
f environmental engineering science. In assessing the environ-
ental impacts of waste discharges it is important to predicate

he impact of emission on contaminant concentration in nearby
ir and water [25]. Contamination of groundwater is an issue of
ajor concern in residential areas which may occur as a result of
pillages of hazardous chemicals, dumping of toxic waste, land-
lls, waste water, or industrial discharges [9]. Hazardous waste
isposal is increasingly becoming one of the most serious prob-
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ems confronting health and the environment. The movement of
hemicals through the soil to the groundwater represents a degra-
ation of these resources. In many cases, serious human and
tock health implications are associated with this form of pollu-
ion. One of the most challenging problems in modeling of solute
ransport in soils is how to effectively characterize and quan-
ify the geometric, hydraulic, and chemical properties of porous

edia. During the past two decades, attempts have been made to
evelop physical, analytical and numerical models for contam-
nant transport through soils considering the effects of different
ransport mechanisms. Abriola and Pinder [1] developed a gen-
ral model that addressed the multiphase flow problem and the
ransport of organic species. Celia and Boluloutas [6] presented

numerical technique for the solution of advection–diffusion
ype of transport equation. Li et al. [19] developed a numerical

odel to simulate contaminant transport through soils taking
nto account the influence of mechanisms of the miscible con-

aminant transport including advection, mechanical dispersion,

olecular diffusion and adsorption. Karkuri and Molenkamp
17] presented a formulation for groundwater flow and pol-
utant transport through multi-layered saturated soils in one

mailto:a.a.javadi@ex.ac.uk
mailto:m.m.al-najjar@ex.ac.uk
dx.doi.org/10.1016/j.jhazmat.2007.01.016
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imension. Sheng and Smith [31] used a finite element method
or the solution of the advection–dispersion transport equa-
ion for multicomponent contaminations. Zhang and Brusseau
45] developed a mathematical model incorporating the primary
ass transfer processes that mediate the transport of immiscible

rganic liquid constituents in water-saturated, locally heteroge-
eous porous media. Yan and Vairavmoorthy [42] developed a
umerical model to simulate water flow and contaminant trans-
ort through homogeneous partially saturated media by using
he finite difference technique. Kacur et al. [16] presented a
umerical approximation scheme for the solution of contami-
ant transport with diffusion and adsorption by finite volume
ethod.
Inclusion of chemical effects in solute transport simulation

as continued to evolve although numerous difficulties still
imit development in this field. Rubin and James [29] pro-
ided an early example of a mathematical transport model
ith equilibrium-controlled reactions. Rubin [28] described the
athematical requirements for simulation of several classes of

eaction, and noted the computational difficulties presented by
arious systems. Extensive research has been carried out on the
iodegradation of organic chemicals in the subsurface, leading to
ethods of approximating some biodegradation effects in trans-

ort calculations. Parkhurst et al. [27] provided a mathematical
asis for the incorporation of inorganic equilibrium reactions in
olute transport analysis. A summary of chemical processes in
roundwater is provided by Gillham and Cherry [12] and Cherry
t al. [7]. Ahuja and Lehman [2] and Snyder and Woolhiser
32] presented experimental results that indicated that a more
etailed description of chemical transport in soil and water was
eeded. A review of coupling transport simulation with both
quilibrium-controlled and kinetic reactions is provided by Yeh
nd Tripathi [43]. In spite of numerous mathematical models
hat have been developed to simulate the migration of pollutants
n soils, still, majority of the existing models concentrate on
ither geochemical processes [10,41] or biological transforma-
ions [18,8]. Only a limited number of models include chemical
eactions in soils. Mironenko and Pachepsky [24] simulated the
ccumulation of a chemical transported from soil to ponding
ater. They considered one-dimensional convective-diffusive

olute transport in water and soil. Their results showed that the
elative effect of diffusion on the accumulation of a solute in
onding water may be significant at infiltration rates that are not
ncommon in agriculture practice. Wallach et al. [40] introduced
mathematical model for transport of soil dissolved chemicals
y overland flow. The model can predict water flow and chemi-
al transport in the soil profile prior to the rainfall ponding and
uring the surface runoff event. The model was used to inves-
igate the dependence of surface runoff pollution and its extent
n the system hydrological parameters. Arsene [4] presented
he migration assessment of (3H 14C and 241AM) in unsaturated
oil as the emplacement medium for the disposal of conditioned
astes. Gao et al. [11] presented a model for simulating the
ransport of chemically reactive components in groundwater sys-
ems. McGrail [23] developed a numerical simulator to assist in
he interpretation of complex laboratory experiments examin-
ng transport processes of chemical and biological contaminants

U
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u
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ubject to nonlinear adsorption or source terms. The governing
quations for the problem were solved by the method of finite
ifferences. The sources for surplus of soil nitrogen, such are
ertilization farm waste disposal and improper agro-technical
anagement, were studied in controlled field experiments [37]

nd in real life farming practice [36]. More recently, Stoicheva
t al. [38] reported results from an experimental investigation
nto the nitrogen distribution in geological materials underlying
oils under natural and anthropogenic loading in different agro-
limatic regions in Bulgaria. Osinubi and Nwaiwu [26] evaluated
he nature of sodium diffusion in compacted soils through lab-
ratory adsorption and diffusion tests on three lateritic soils.
ecent studies have shown that current models and methods do
ot adequately describe the leaching of nutrients through soil,
ften underestimating the risk of groundwater contamination by
urface-applied chemicals, and overestimating the concentration
f resident solutes [33]. This information is vital in evaluation of
xisting theoretical models and development of improved con-
eptual models of transport processes. The high costs, large time
cales and lack of control over the boundary conditions have pre-
ented the development of field scale experiments [13]. Stagnitti
t al. [33] investigated the effects of chemical reactions on con-
aminant transport through a number of physical model tests
n an undisturbed block of soil. Despite the development of
onceptual and mathematical models for the effects of chemi-
al reactions on contaminant transport, majority of the existing
umerical models do not include the effect of chemical reac-
ions on the concentration and transport of contaminants in soil.
herefore, the focus of this paper is the development, validation
nd application of a coupled transient finite element model for
ontaminant transport in unsaturated soils that incorporates the
ffects of chemical reactions on the contaminant transport. In
hat follows, the main governing phenomena of miscible con-

aminant transport including advection, mechanical dispersion,
olecular diffusion and adsorption are considered together with

he effect of the chemical reactions. The contaminant transport
quation and the balance equations for flow of water and air
re solved numerically using the finite element method, subject
o prescribed initial and boundary conditions. The developed

odel is validated by comparing the model prediction results
ith those reported in the literature. The model is also applied

o a case study involving measurements of the effects of chem-
cal reactions on the solute transport process. It is shown that
he developed model is capable of predicting, with a good accu-
acy, the variations of the contaminant concentration with time
onsidering the effect of chemical reactions.

. Governing equations of fluid flow and contaminant
ransport in soil

The introduction outlined a broad range of issues that are
f interest in relation to transport of contaminant in soils. The
roblem becomes more complex when the soil is unsaturated.

nsaturated soil is a multiphase system, because at least two
uid phases are present: water and air. The governing equa-

ions that describe fluid flow and contaminant transport in the
nsaturated zone will be presented in this section.
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.1. Modeling of water flow

The governing differential equation for water flow is based
n the conservation of mass of the ground water, leading to [39]:

cww

(
∂uw

∂t

)
+ cwa

(
∂ua

∂t

)
= ∇(Kww∇uw) + ∇(Kwa∇ua) + Jw (1)

here cww = cfw + cvw; cwa = cfa + cva; cvw = nSaKfw; cva =
SaKfa; cfw = −n(ρw − ρv)∂Sw/∂s; cfa = n(ρw − ρv)∂Sw/∂s;
ww = ρwKw/γw + Kvwρw; Kwa = ρvKa + ρwKva; Kfa = ρ0∂h/
ψ∂ψ/∂s�ua; Kfw = −ρ0∂h/∂ψ∂ψ/∂s�uw; Kvw = −(DatmsVvn/
w)kfw; Kva = −(DatmsVvn/ρw)Kfa; Jw = ρw�(Kw�z) in which
is the porosity of the soil, Kw the conductivity of water

L][T]−1, Ka the conductivity of air [L][T]−1, Sw the degree
f saturation of water, Sa the degree of saturation of air, ρw
he density of water [M][L]−3, ρv the density of water vapor
M][L]−3, ρ0 the density of saturated soil vapor [M][L]−3,

the soil suction [M][L]−1[T]−2, Vv the mass flow factor,
w the pore-water pressure [M][L]−1[T]−2, ua the pore-air
ressure [M][L]−1[T]−2, Datms the molecular diffusivity of
apor through air, γw the unit weight of water [M][L]−2[T]−2,

the capillary potential, h the relative humidity and �z is the
nit normal oriented downwards in the direction of the force of
ravity.

.2. Modeling of air flow

The governing differential equation for air flow is based on
he conservation of mass of the ground air, leading to [39]:

aw

(
∂uw

∂t

)
+ caa

(
∂ua

∂t

)
= ∇(Kaw∇uw) + ∇(Kaa∇ua) + Ja

(2)

here caw = caw1 + caw2; caa = caa1 + caa2; caw1 = −nρda(Ha − 1)
Sw/∂s; caa1 = nρda(Ha − 1)∂Sw/∂s; caw2 = n(Sa + HaSw)cdaw;
aa2 = n(Sa + HaSw)cdaa; cdaw = −(Rv/Rda)Kfw; cdaa = 1/RdaT −
Rv/Rda)Kfa; Kaw = (Haρda/γw)Kw; Kaa = Ka�uw; Ja =

aρda�(Kw�z) in which Ha is the Henry’s volumetric
oefficient of solubility, ρda the density of dry air [M][L]−3,
da the specific gas constant for dry air and Rv is the specific
as constant for water vapor.

.2.1. Advection
Advection is the transport of material caused by the net flow

f the fluid in which that material is suspended. Whenever a fluid
s in motion, all contaminants in the flowing fluid, including both

olecules and particles, are advected along with the fluid [25].
he rate of contaminant transport that occurs by advection is
iven by the product of contaminant concentration c and the
omponent of apparent groundwater velocity like vx, vy, etc.
or two-dimensional cases with two components of the contam-
nant transport in the x and y directions, the rate of contaminant
ransport due to advection will be [14]:

x,advection = vwxc (3a)

w

ω
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y,advection = vwyc. (3b)

.2.2. Diffusion
The process by which contaminants are transported by the

andom thermal motion of contaminant molecules is called dif-
usion [44]. The rate of contaminant transport that occurs by
iffusion is given by Fick’s law. In terms of two component of
he contaminant transported in the x and y directions, the rate of
ontaminant transport by diffusion will be [14]:

x,diffusion = −Dm
∂c

∂x
(4a)

y,diffusion = −Dm
∂c

∂y
(4b)

here Dm is the molecular diffusion coefficient in the porous
edium [L]2[T]−1.

.2.3. Mechanical dispersion
Mechanical dispersion is a mixing or spreading process

aused by small-scale fluctuation in groundwater velocity along
he tortuous flow paths within individual pores. In terms of two
omponent of contaminant transport in x and y directions, the
ate of contaminant transport by mechanical dispersion is given
y

x,dispersion = −Dwxx
∂

∂x(θwc)
−Dwxy

∂

∂y(θwc)
(5a)

y,dispersion = −Dwyx
∂

∂x(θwc)
−Dwyy

∂

∂y(θwc)
(5b)

here Dwxx, Dwxy, Dwyx, Dwyy are the coefficients of dispersiv-
ty tensor [L][T]−1. For water phase these coefficients can be
omputed from the following expressions [30]:

wxx = αTW |vw|δxx + (αLW − αTW)v̄wx v̄wx

|v| +Dmwδxx (6a)

wyy = αTW |vw|δyy + (αLW − αTW)v̄wy v̄wy

|v| +Dmwδyy (6b)

wxy = Dwyx = (αLW − αTW)v̄wx v̄wy

|v| +Dmwδxy (6c)

here αTW is the transverse dispersivity (L) for water phase,
LW the longitudinal dispersivity (L) for water phase, δij the Kro-
eker delta (δij = 1 when i = j, δij = 0 otherwise), |v| the magnitude

f the water velocity (|v| =
√
v̄2

wx + v̄2
wy ), θw the volumetric

ater content,Dmw the coefficient of water molecular diffusion
L]2[T] and v̄wx and v̄wy are the components of the water veloc-
ty computed as v̄wx = vx/θw and v̄wy = vy/θw. The amount of
ontaminant in each phase (α) is denoted by the mass fraction,

hich is defined as

α = mass of contaminant in phase (α)

mass of phase (α)
(7)
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The standard mass balance equation of contaminant transport
an then be written as [15]

∂(θwρwωw)

∂t
+Fadvection − Fdispersion–diffusion

+ λwθwρwωw = Fw (8)

here λw is the reaction rate for water [T]−1 and Fw is the
ource/sink term for water [M][L]−3[T]−1. In the transport Eq.
8), the first term describes the change of contaminant mass in
ime; the second represents the movement of contaminant due to
dvection and the third term represents the effects of dispersion
which is assumed to be Fickian in form with the dispersion
ensor given by Bear [5]. In the forth term the contaminants
re assumed to be reactive with a decay rate of (λ), and the
ight hand side term describes sources and sinks in the equation.
ather than using the contaminant mass fraction it is often more
onvenient to use the volumetric concentration (cα) which is
efined as

α = mass of contaminant in phase (α)

volume of phase (α)
= ραωα (9)

In most of the work presented in this paper, the contaminant
olumetric concentration in water will be used. The governing
quation can be rewritten in terms of c by substituting the above
elation into the governing equation:

∂(θwcw)

∂t
+

(
∂

∂x(vwxc)
+ ∂

∂y(vwyc)

)

−
(
∂

∂x

(
Dwxx

∂c

∂x
+Dwxy

∂c

∂y

)

+ ∂

∂x

(
Dwyy

∂c

∂y
+Dwyx

∂c

∂x

))
θw + λwθwcw = Fw

(10)

In the numerical model presented in this work sorption of
he contaminant onto the solid phase, in addition to advection,
iffusion and dispersion, is considered.

.2.4. Adsorption
When a porous medium is saturated with water containing

issolved matter, it frequently happens that certain solutes, to 1◦
r another, are removed from solution and immobilized in or on
he solid matrix of the porous medium by electrostatic or chem-
cal forces. Adsorption refers to adherence of chemical species
rimarily on the surface of the porous matrix. The main factors
ffecting the adsorption of pollutants to or from the solid are the
hysical and chemical characteristics of the considered pollutant
nd of the surface of the solid [19]. The amount of sorption is
enerally dependent on the contaminant and the composition of
he soil. Using the assumption that adsorption only occurs from
he water to the solid phase, the equation for the water phase can
e modified to include adsorption [15]:
∂(θwcw)

∂t
+ ∂

∂t(θsρsKdcw)
+ ∇(vwcw) − ∇(θwDw∇cw)

+ λwθwcw = Fw (11)

r
a
r
c
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here Kd is the distribution coefficient. In the case of sorption the
quation for the water phase is modified to include a retardation
actor. The principal assumption used in deriving a retardation
actor is that water is the wetting fluid so that the air phase does
ot have any contact with the solid phase [46]. Therefore, the
quation can be rewritten as

∂(Rθwcw)

∂t
+ ∇(vwcw) − ∇(θwDw∇cw) + λwθwcw = Fw

(12)

here R is the retardation coefficient = [1 + θsρsKd/θw], ρs is the
ensity of the solid phase and θs is the volumetric content of the
olid phase.

The transport of contaminant in the soil by external and
nternal effects will result in reactions occurring between con-
aminant and soil constituents. These include chemical, physical
nd biological processes [44]. Most chemical reactions affecting
olute transport can be divided broadly into two groups [46]:

. Those that are “sufficiently fast” and reversible, so that
local equilibrium can be assumed (i.e., reactions that can
be assumed to reach equilibrium in each locality within the
residence times characterizing the transport regime).

. Those that are “insufficiently fast” and irreversible, so that
the local equilibrium assumption is not appropriate.

Under each group, Rubin [28] made a further distinction
etween “homogeneous” reactions that take place within a sin-
le phase, and “heterogeneous” reactions that involve more than
ne phase. The heterogeneous classes of reactions are the sur-
ace reactions (i.e., sorption and ion exchange) and classical
eactions (i.e., precipitation/dissolution, oxidation/reduction or
edox and complexation). This classification scheme leads to
ix classes of reactions as illustrated in Fig. 1. The effects of
hemical reactions on solute transport are generally incorporated
n the advection, diffusion–dispersion and adsorption equations
hrough additional terms [46]. Consider a chemical reaction as

A+ bB� rR+ sS (13)

here a, b, r and s are the valences for ions. A general kinetic
ate law for species A can be expressed as [46]

∂cA

∂t
= −λcn1

A c
n2
B + γcm1

R cm2
S (14)

here cA, cB, cR and cS are concentrations of reactant species
and B and resultant species R and S, respectively; λ and γ are

he rate constants for the forward and reverse reactions, respec-
ively; n1, n2 and m1, m2 are empirical coefficients. The sum
f n1 and n2 defines the order of the forward reaction while the
um of m1 and m2 defines the order of the reverse reaction. Eq.
14) expresses the rate of change in species A as the sum of the

ates at which it is being used in the forward reaction and gener-
ted in the reverse reaction. Certain chemical reactions such as
adioactive decay, hydrolysis and some forms of biodegradation
an be characterized as first order, irreversible processes [46].
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Fig. 1. Classification of chemical react

n this type of reaction Eq. (14) simplifies to:

∂c

∂t
= −λc. (15)

Chemical reactions can be classified into four general types
20]:

. Synthesis reaction: In a synthesis reaction two or more simple
substances combine to form a more complex substance. Two
or more reactants yielding one product are another way to
identify a synthesis reaction.

. Decomposition reaction: In a decomposition reaction a more
complex substance breaks down into its more simple parts.
One reactant yields two or more products. Basically, synthe-
sis and decomposition reactions are opposites.

. Single replacement reaction: In a single replacement reaction
a single uncombined element replaces another in a com-
pound. Two reactants yield two products.

. Double replacement reaction: In a double replacement reac-
tion parts of two compounds switch places to form two new
compounds. Two reactants yield two products.

Chemical changes are a result of chemical reactions. All
hemical reactions involve a change in substances and a
hange in energy. During a chemical reaction, energy is
ither released (exothermic reactions) or absorbed (endothermic
eactions).

. Numerical solution

.1. Numerical solution of governing differential equations
or water and air flow
The governing differential equations for water flow (1) and
ir flow (2), as defined in the previous section, have two vari-
bles uw and ua; these variables are primary unknowns. The
rimary unknowns can be approximated using the shape func-

b
n
v
e

seful in solute transport analyses [46].

ion approach as

w = ûw =
n∑
1

Nsuws; ua = ûa =
n∑
1

Nsuas

here Ns is the shape function, uws the nodal pore-water pres-
ure, uas the nodal pore-air pressure and n represents the number
f nodes in each element. Replacing the primary unknowns with
hape functions approximation of above equations, Eqs. (1) and
2) can be written as

∇(Kww∇ûw) + ∇(Kwa∇ûa) + Jw − Cww
∂ûw

∂t
− Cwa

∂ûa

∂t

= RΩw (16)

∇(Kaw∇ûw) + ∇(Kaa∇ûa) + Ja − Caw
∂ûw

∂t
− Caa

∂ûa

∂t

= RΩa (17)

here R�w and R�a are the residual errors introduced by the
pproximation functions. A finite element scheme is applied to
he spatial terms employing the weighted residual approach to

inimize the residual error represented by Eq. (16) or (17) and
ntegrating the equation over the spatial domain (Ωe). Spatial
iscretization of governing differential equation for water flow
an be written as

ww
∂uws

∂t
+ Cwa

∂uas

∂t
+Kwwuws +Kwauwa = fw (18)

here Cww = ∑n
e=1

∫
Ωe

[NTCwwN] dΩe; Cwa = ∑n
e=1

∫
Ωe

NTCwaN] dΩe; Kww = ∑n
e=1

∫
Ωe

[∇NT(KwwN)] dΩe;

wa = ∑n
e=1

∫
Ωe

[∇NT(KwaN)] dΩe; fw = ∑n
e=1

∫
Ωe

[∇NT

Kwρw∇z)] dΩe − ∑n
e=1

∫
Γe
Nr{ρwv̂wn + ρwv̂vd+ρwv̂va} dΓ e

n which v̂wn is the approximated water velocity normal to the

oundary surface, v̂vd the approximated diffusive vapor velocity
ormal to the boundary surface, v̂va the approximated pressure
apor velocity normal to the boundary surface and Γ e is the
lement boundary surface. Similarly, the spatial discretization
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and dispersion. The soil column has a height of 2 m and a width
of 0.02 m as shown in Fig. 2 [17]. The results of the numeri-
cal model predictions are compared with those obtained using
an analytical solution [3]. The loading system in this analysis
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f governing differential equation for air flow leads to:

aw
∂uws

∂t
+ Caa

∂uas

∂t
+Kawuws +Kaauas = fa (19)

here Caw = ∑n
e=1

∫
Ωe

[NTCawN] dΩe; Caa = ∑n
e=1

∫
Ωe

NTCaaN] dΩe; Kaw = ∑n
e=1

∫
Ωe

[∇NT(Kaw∇N)] dΩe;

aa = ∑n
e=1

∫
Ωe

[∇NT(Kaa∇N)] dΩe; fa = ∑n
e=1

∫
Ωe

[∇NT

KwρdaHa∇z)] dΩe − ∑n
e=1

∫
Γe
NTρda{v̂fn + v̂an} dΓ e in

hich v̂fn is the approximated velocities of free dry air and v̂an
s the approximated velocities of dissolved dry air. Spatially
iscretized equations for coupled flow of water and air, given
y the above equations, can be combined in a matrix form as

Kww Kwa

Kaw Kaa

] [
uws

uas

]
+

[
Cww Cwa

Caw Caa

] [
u̇ws

u̇as

]
−

[
fw

fa

]
= 0

(20)

here u̇ws = ∂uws/∂t and u̇as = ∂uas/∂t.
A time discretization of Eq. (20) is achieved here by appli-

ation of a fully implicit mid interval backward difference
lgorithm. Applying a finite difference scheme [35] to Eq. (20)
ill result in:

n+1/2φn+1 + Bn+1/2
(
φn+1 − φn

Δt

)
+ Cn+1/2 = 0 (21)

here

A =
[
Kww Kwa

Kaw Kaa

]
; B =

[
Cww Cwa

Caw Caa

]
;

C =
[
fw

fa

]
; φ =

[
uws

uas

]

Eq. (21) can be further simplified to give:

n+1 =
[
An+1/2 + Bn+1/2

�t

]−1 [
Bn+1/2φn

�t − Cn+1/2

]
.

.2. Numerical solution of the contaminant transport
overning equation

Ignoring the source and sink terms (Fw) Eq. (12) reduces to:

∂(Rθc)

∂t
+ ∇(vc) − ∇(D∇c) + λc = 0 (22)

The primary unknown can be approximated using the shape
unction approach as

c = θĉ =
n∑
1

Nsθcs; c = ĉ =
n∑
1

Nscs

here cs is the nodal contaminant concentration and n is the
umber of nodes per element. In the present work, eight-node

uadratic element has been used (n = 8). Replacing the primary
nknowns with shape function approximation of the above equa-
ions employing the Galerkin weighted residual approach to

inimize the residual error represented by this approximation
ardous Materials 143 (2007) 690–701 695

he discretized global finite element equation for single compo-
ent of contaminant takes the form:

M dc

dt
+Hc + F = 0 (23)

here M = ∑n
1

∫ b
a

(θc/Δt)Aij; H = ∑n
1

∫ b
a
vcBij +DcEij +

cAij; F = ∑n
1N

2(vc −D∂c/∂x∂c/∂y + λ∂c/∂x∂c/∂y)
∣∣b
a
;

ij = ∫
NN dx dy; Bij = ∫

(N∂N/∂xN∂N/∂y) dx dy; Eij =
(∂N/∂x∂N/∂y∂N/∂x∂N/∂y) dx dy.

Applying a finite difference scheme [35] to Eq. (23) will result
n:

(θc)n+1 − (θc)n

Δt
+H[(1 − γ)cn + γcn+1] + Fn+1 = 0 (24)

here �t is the time step, γ a parameter between 0 and 1 and
and n + 1 stand for time levels (tn and tn+1 = tn +�t). The

olution of Eqs. (21) and (24) will give the distribution of the
ontaminant concentrations at various points within the soil and
t different times, taking into account the interaction between the
ow of air and water and various mechanisms of contaminant

ransport.

. Numerical results

The developed finite element model is validated by appli-
ation to two different contaminant transport problems from
iterature [17,19]. The model is then applied to a case study
o predict the transport of contaminant in a site in Australia
33].

.1. Example 1

In the first example, the developed finite element model is
pplied to study contaminant transport through a column of sat-
rated sandy soil including the combined effect of advection
Fig. 2. Problem definition.
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Fig. 4. Comparison of numerical and analytical solutions.
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another case involving the combined effect of advection and
diffusion–dispersion is considered and the result are shown in
Fig. 7. In this case, the same initial Gaussian distribution of con-
centration, as in the previous case, is considered together with
ig. 3. Variation of concentration distribution with time along the column.

nvolves the concentration of pollutant, c, picked up by the flow
rom the base of the column and distributed with time in the
ertical direction. The pollutant influx has the form of a pulse
ntering at the bottom of the soil column and moving upward
rom the base under the effect of vertical groundwater advective
elocity vw = 10−5 m/s. The soil has a porosity of n = 0.35.
he numerical analysis of the advection and dispersion of the
ollutant in the vertical column with D = 10−7 m2/s and a time
ncrement of �t = 2 × 104 s is illustrated in Fig. 3 in the form
f concentration profiles at different times (t = 2 × 104, 4 × 104,
× 104 to 1.6 × 105 s). This figure indicates that the pollutant

s flowing upwards in the column with the groundwater. The
aximum concentration is decreasing gradually from its ini-

ial value of the infiltrating mixture (c0 = 1 mol/m3) due to the
ffect of advection and dispersion while the width of the pulse
ncreases. The results of the finite element analysis are compared
ith those of an analytical solution proposed by Appelo and
ostma [3] as

= M√
πDt exp−((y−y0)2/4Dt)

(25)

here c is the tracer concentration in (mol/m3), M in mol/m2 of
ross sectional area normal to the flow, is half of the total mass of
he pollutant entering at (y = 0) during (t ≥ 0), D the coefficient
f hydrodynamic dispersion in (m2/s) and y0 is the location of
he maximum concentration which is (y0 = 0) at (t = 2 × 104)
17]. The numerical and analytical solutions are shown for
hree times steps of (t = 4 × 104, 1 × 105 and 1.6 × 105 s) in
ig. 4. Comparison of the results shows a very good agreement
etween the results of the numerical model and the analytical
olution.

.2. Example 2

To illustrate the capabilities of the model to predict the effects
f other mechanisms of contaminant transport, another example
nvolving the combined effect of advection, diffusion–dispersion

nd adsorption is considered. In this example a one-dimensional
ransport of a contaminant through a bar, 30 m long and 1 m high,
s considered. The bar is subjected to an initial Gaussian contam-
nant distribution of amplitude c = 1 centered at x = 5.0 m (see
Fig. 5. Problem definition.

ig. 5) and the boundary conditions are c = 0 on the left and right
oundaries and zero flux on the top and bottom boundaries. A
teady and uniform intrinsic velocity field with vw = 1 m/s is
ssumed over the bar. In the first case, only the transport of the
ontaminant by advection is considered. Fig. 6 shows the distri-
ution of contaminant concentration along the bar at times t = 0,
0 and 20 s. It is shown that the results of the developed model
re in close agreement with those reported by Li et al. [19] for
his example. To illustrate the capabilities of the model to pre-
ict the effects of other mechanisms of contaminant transport,
Fig. 6. Concentration distributions at t = 0, 10 and 20 s.
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ig. 7. Contaminant concentration distributions at (t = 0, 5, 10 and 20 s) for
dvection and diffusion–dispersion.

dditional diffusion and dispersion parameters including the lon-
itudinal dispersivity for water phase αLW = 0.5, the coefficient
f water molecular diffusion Dmw = 0 and the reaction rate for
ater phase λw = 0. Fig. 7 shows the distribution of contami-
ant concentration a long the bar due to the combined effect
f advection and dispersion at times t = 0, 5, 10 and 20 s. It is
een that the distribution of the contaminant concentration con-
inuously decreased from the initial amplitude of c = 1 due to
he effect of the dispersion mechanism. Fig. 8 shows the dis-
ribution of contaminant concentration along the bar due to the
ombined effect of advection and dispersion at time t = 10 s.
gain, it is shown that the results of the model are in very good

greement with those reported by Li et al. [19] for this case. To
nvestigate the effect of adsorption, a third case involving the
ombined effect of advection, dispersion, diffusion and adsorp-
ion is considered. The result for this case is shown in Fig. 9.
gain, the same initial Gaussian distribution of concentration,

s in the previous cases, is considered together with additional
dsorption parameters including volumetric content of the solid
s = 2.7 and distribution coefficient Kd = 0.01. Fig. 9 shows the
istribution of contaminant concentration along the bar for two

ases of with and without consideration of adsorption. It is shown
hat, as expected, adsorption has caused additional decrease in
oncentration.

ig. 8. Concentration distributions at t = 10 s for advection and diffusion–
ispersion.
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ig. 9. Concentration distributions at t = 10 s for two cases of with and without
dsorption.

.3. Case study

The developed finite element model is also applied to a case
tudy. The case study involves a physical test, conducted by
tagnitti et al. [34], to study the combined effect of advec-

ion, diffusion–dispersion, adsorption and chemical reactions
n contaminant transport. In this experiment a large, undis-
urbed soil core (42.5 cm × 42.5 cm on plan and 40 cm deep)
see Fig. 10) was extracted from a farm located about 300 km
est of Melbourne in Australia. The farm was used primarily for
eef cattle grazing, and superphosphate had not been applied for
pproximately 25 years [34]. In the experiment, a multiple sam-
le percolation system (MSPS) was used to sample moisture
nd chemicals leaching from the soil core. The system con-
isted of a metal-alloy base-plate that was shaped into 25 equal
ized collection wells (funnels). The soil core was irrigated by
purpose-built drip irrigation system.

The area coverage, speed, and direction of irrigation were
djustable and were controlled such that the irrigation system
ould deliver a constant and uniform application of water and
oluble nutrients on the soil surface. The soil core was irrigated
ith distilled water for several months prior to the application of

he nutrient solution. An irrigation rate of 2.82 ml/min, compa-
able with the mean daily rainfall for the region, was uniformly
pplied to the surface of the soil core. A solution containing
.l mol of NaCl, 0.01 mol of KNO3 and 0.1 mol of KH2PO4 was
repared. A total of 1967 ml of this solution was irrigated on
he soil surface. Following application of this solution, distilled
ater was irrigated on the soil surface at the same rate for 18
ays. Leachate solutions were analyzed for chloride (Cl), nitrate
NO3

−), and phosphate (PO4
3−). The daily leachate concentra-

ions collected from each of the 25 individual collection wells
ere aggregated to calculate a total daily concentration for the

ntire soil core for each ion for each day of the duration of the
xperiment. Samples were collected every 12 h from wells that
rained more than 50 ml. Wells that had less than 50 ml were

eft until at least the next collection period, 12 h later.

The developed finite element model was used to simulate
he percolation of the solution through the soil block in the
xperiment. The results of the analysis are shown in Figs. 11–13
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Fig. 10. (a) View of the multiple sample percolation system (MSPS) [34]. (b)
Location of collection wells in the MSPS [34]. (c) Problem definition.

Fig. 11. Breakthrough curves for chloride (Cl).
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a
t
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Fig. 12. Breakthrough curves for nitrate (NO3
−).

n the form of variations of concentrations of chloride, nitrate
nd phosphate in the soil with time. The figures include the
xperimental data from the tests conducted by Stagnitti et
l. [33]. The initial solute concentrations (c0) in the irriga-
ion were c0−Cl = 6186.10 mg/l, c0−NO3 = 273.65 mg/l, and

0−PO4 = 4724.10 mg/l [33]. Using these values and assuming

hat C1 behaves as a conservative component, a chemical reac-
ion coefficient of λ= 0 (no reaction) and a retardation factor
f R = 1 (no adsorption) were used in the finite element model.

Fig. 13. Breakthrough curves for phosphate (PO4
3−).
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ig. 14. Variation of relative concentration with time for different rates of reac-
ion for nitrate (NO3

−).

lso, a water velocity of vw = 0.051 m/day and dispersion coef-
cient of the pollutant in the vertical column D = 0.006 m2/day
ere used [33]. Fig. 11 shows the solute breakthrough curve for

hloride (Cl) at the bottom of the multiple sample percolation
ystem (MSPS). It is shown that the results of the developed
umerical model are in close agreement with the experimental
esults reported by Stagnitti et al. [33]. The predicted break-
hrough curve (BTC) for nitrate (NO3

−) using the finite element
odel is plotted in Fig. 12 together with the experimental data.

n this case, the adsorption and reaction of NO3
− are possible

nd therefore, R and λ take non-zero values. Values of R = 1.06
ndλ= 0.035 day−1 are used in the finite element model, indicat-
ng a small adsorption and significant reaction rate, as indicated
y Stagnitti et al. [33]. The results of the numerical model pre-
ented in this paper are in close agreement with the experimental
esults. Fig. 13 shows the breakthrough curve predicted using
he numerical model for (PO4

3−) together with the experimen-
al results. The values of R = 8.117 and λ= 1.781 are used in
he model. These values, which were suggested by Stagnitti et
l. [33], indicate very strong adsorption and quick reaction. The
esults show that the numerical model predicted the changes
n concentration of PO4

3− with time reasonably well consid-
ring the scatter in the experimental data. In this experiment,
hree different chemicals with different degrees of retardation
nd reaction were considered and the model predictions are in
lose agreement with the experimental results. This illustrates
he robustness of the developed finite element model in simulat-
ng the effects of chemical reactions on contaminant transport
rocess.

.3.1. Sensitivity analysis
Sensitivity is a measure of the effect of change in one factor on

nother factor. The sensitivity of a model dependent variable to a
odel input parameter is the partial derivative of the dependent

ariable with respect to that parameter [21,22]. Figs. 14 and 15
how the effect of the chemical reaction coefficient (λ) on

oncentration breakthrough curves for nitrate (NO3

−) and phos-
hate (PO4

3−) respectively, at an observation point. It can be
een that chemical reactions play a significant role in transport
nd changes in concentrations of NO3

− and PO4
3− with time.

m
w
t
i

ig. 15. Variation of relative concentration with time for different rates of reac-
ion for phosphate (PO4

3−).

n both cases, the peak of the concentration curves rises with
ecreasing the value of the chemical reaction coefficient (λ).
his analysis indicates the importance of consideration of the
ffect chemical reactions in modeling the transport of reactive
ontaminants in soils.

. Conclusions

One of the most challenging problems in modeling of solute
ransport in soils is how to effectively characterize and quantify
he effects of chemical reactions on the transport process. Recent
tudies have shown that the current models of contaminant trans-
ort analysis are not able to adequately describe the effects of
hemical reactions. Furthermore, the effect of chemical reac-
ions on the fate and transport of contaminants is not included in

any of the existing numerical models for contaminant trans-
ort. This paper presented a coupled transient finite element
odel for predicting the flow of air and water and contaminant

ransport in unsaturated soils including the effect of chemical
eactions. The model is capable of simulating various phenom-
na governing miscible contaminant transport in soils including
dvection, dispersion, diffusion, adsorption and chemical reac-
ion effects. The mathematical framework and the numerical
mplementation of the model were presented. The model was
alidated by application to two test cases from the literature and
as then applied to simulation of a physical model test involv-

ng transport of contaminants in a block of soil with the aim
f studying the effects of chemical reactions on contaminant
oncentration and transport. In the experiments, three different
hemicals with different degrees of retardation and reaction were
onsidered. The numerical results illustrated the performance of
he presented model in simulating the effects of different phe-
omena governing the transport of contaminants in soils. The
nite element model performed well in predicting transport of
ontaminants through the soil with and without inclusion of the
ffects of chemical reactions. Comparison of the results of the
umerical model with the experimental results shows that the

odel is capable of predicting the effects of chemical reactions
ith very high accuracy. The sensitivity analysis highlighted

he importance of consideration of chemical reactions in model-
ng of contaminant transport in soils and showed that chemical
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eactions can have a significant effect on the concentration of
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